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This paper is concerned with a linear theory of thermodynamics for elastic materials with microstructure, whose mic-
roelements possess microtemperatures. It is shown that there exists the coupling of microrotation vector ﬁeld with the
microtemperatures even for isotropic bodies. Uniqueness and continuous dependence results are presented. The theory
is used to establish the solution corresponding to a concentrated heat source acting in an unbounded continuum.
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The origin of the modern theories of a continuum with microstructure goes back to papers by Ericksen and
Truesdell (1958), Mindlin (1964), Eringen and Suhubi (1964) and Green and Rivlin (1964). Green (1965) has
established the connection of the theory of multipolar continuum mechanics and the other theories. Much
of the theoretical progress in the ﬁeld is discussed in the books of Kunin (1983), Ciarletta and Iesan (1993)
and Eringen (1999). In the theory of micromorphic bodies formulated by Eringen and Suhubi (1964, 1999)
the material particle is endowed with three deformable directors and the theory introduces nine extra degrees
of freedom over the classical theory. On the basis of the theory of bodies with inner structure, Grot (1969) has
established a theory of thermodynamics of elastic bodies with microstructure whose microelements possess
microtemperatures. The Clausius–Duhem inequality is modiﬁed to include microtemperatures, and the ﬁrst-
order moment of the energy equations are added to the usual balance laws of a continuum with microstructure.
The theory of micromorphic ﬂuids with microtemperatures has been studied in various papers (see, e.g., Koh,
1973; Riha, 1975, 1977; Verma et al., 1979). Riha (1976) has presented a study of heat conduction in materials
with microtemperatures. Experimental data for the silicone rubber containing spherical aluminium particles
and for human blood were found to conform closely to predicted theoretical thermal conductivity.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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independently of their translations has been studied by Iesan (2001). This is the simplest thermomechanical
theory of elastic bodies that takes into account the microtemperatures and the inner structure of the materials.
The theory introduces one mechanical extra degree of freedom over the classical theory. The theory of ther-
moelasticity with microtemperatures has been investigated by various authors. Casas and Quintanilla (2005)
have studied the problem of stability. The theory of steady vibrations has been investigated by Scalia and Sva-
nadze (2006) and Svanadze (2003, 2004).
Eringen (1999) has deﬁned a class of micromorphic solids called microstretch solids. The material particles
of these materials have seven degrees of freedom: three displacements, three microrotations and one micro-
stretch. The microstretch continuum can model various porous media ﬁlled with gas or inviscid ﬂuids, com-
posite materials reinforced with chopped elastic ﬁbers, mixtures with breathing elements and biological ﬂuids.
In the present paper we use the results established by Grot (1969) to derive a linear theory of microstretch
elastic solids with microtemperatures. This theory introduces three extra degrees of freedom over the theory
presented by Iesan (2001). A material particle is then equipped with the degrees of freedom for rigid rotations,
in addition to the classical translation degrees of freedom and the microstretch. An interesting aspect in this
theory is the coupling of microrotation vector with the microtemperatures even for isotropic bodies. We note
that in the classical theory of Cosserat thermoelasticity for isotropic bodies, the microrotation vector is inde-
pendent of the thermal ﬁeld. In Section 2, we establish the ﬁeld equations of the linear theory of thermoelas-
ticity with microtemperatures. A uniqueness theorem in the dynamical theory of anisotropic bodies is
presented in Section 3. In Section 4, we study the continuous dependence of solutions upon initial data and
body loads. Section 5 is concerned with the eﬀects of a concentrated heat source in a body that occupies
the entire three-dimensional euclidean space.
2. Field equations
In the ﬁrst part of this section we present the general balance laws of a continuum with microstructure in
the form given by Grot (1969) and Eringen (1999). Then we derive the ﬁeld equations of the linear theory of
microstretch thermoelastic bodies with microtemperatures. The second moment of stress tensor and the micro-
stress moment average are neglected in the balance laws since these functions appear only nonlinearly in the
ﬁeld equations (cf. Grot, 1969).
We consider a body that at some instant occupies the region B of the euclidean three-dimensional space and
is bounded by the piecewise smooth surface oB. The motion of the body is referred to a ﬁxed system of rect-
angular cartesian axes Oxi (i = 1,2,3). We denote by n the outward unit normal of oB. Boldface characters
stand for tensors of an order pP 1, and if v has the order p, we write vij. . .s (p subscripts) for the components
of v in the cartesian coordinate frame. We shall employ the usual summation and diﬀerentiation conventions:
Latin subscripts are understood to range over the integers (1,2,3), summation over repeated subscripts is
implied and subscripts preceded by a comma denote partial diﬀerentiation with respect to the corresponding
cartesian coordinate. In what follows we use a superposed dot to denote partial diﬀerentiation with respect to
the time t.
Let u be a displacement vector ﬁeld over B. The balance of linear momentum can be written in the formtji;j þ qfi ¼ q€ui; ð2:1Þ
where tij is the stress tensor, q is the reference mass density, and fi is the body force. We denote by mijk the ﬁrst
stress moment tensor. The balance of ﬁrst stress moments is given bymkij;k þ tji  sji þ q‘ij ¼ q _rij; ð2:2Þ
where sij is the microstress tensor, ‘ij is the ﬁrst body moment density and rij is the inertia per unit mass. Let e
be the internal energy density per unit mass, and let ei denote the ﬁrst moment of energy vector. The balance of
energy and the balance of ﬁrst moment of energy can be expressed asq _e ¼ tijvj;i þ ðsij  tijÞmji þ mkijmij;k þ qj;j þ qS ð2:3Þ
and
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respectively. Here vi is the velocity vector, mij is the microgyration tensor, qi is the heat ﬂux vector, S is the heat
supply per unit mass, qij is the ﬁrst heat ﬂux moment tensor, Qi is the microheat ﬂux average, and Gi is the ﬁrst










qðSþ GiT iÞP 0; ð2:5Þwhere g is the entropy density per unit mass, T is the absolute temperature, and Ti is the microtemperature
vector.
The linear strain tensors are deﬁned by (cf. Eringen, 1999)eij ¼ uj;i  uji; 2cij ¼ uij þ uji; cijk ¼ uij;k; ð2:6Þ
where uij is the microdeformation tensor. The spin inertia per unit mass can be expressed asrrs ¼ imsð _mrm þ mrkmkmÞ; ð2:7Þ
where irs(=isr) is the microinertia tensor. We note that in the linear theory we havemij ¼ _uij; rrs ¼ ims€urm: ð2:8Þ
The components of surface traction ti, the components of surface moments lij, the heat ﬂux q and the heat ﬂux
moment vector Ki at regular points of oB are deﬁned byti ¼ tjinj; lij ¼ mkijnk; q ¼ qjnj; Ki ¼ qjinj; ð2:9Þ
respectively.
Eringen (1999) introduced a class of bodies with microstructure called microstretch continua, which is char-









eijrgr; ð2:10Þwhere u is the microdilatation function, dij is Kronecker’s delta, eijk is the alternating symbol, ui is the micro-
rotation vector, hj is the microstretch vector, mij is the couple stress tensor, ‘ is the external microstretch body
load, and gr is the body couple density. We recall that the microstress tensor sij is symmetric. In the context of
the linear theory of microstretch continua the balance of ﬁrst stress moments (2.2) reduces tohk;k þ gþ q‘ ¼ J €u ð2:11Þ
andmji;j þ eirstrs þ qgi ¼ I ij€uj; ð2:12Þ
where J = qiss, Irs = q(immdrs  irs), and g = tjj  sjj is the internal body force which will be deﬁned by a con-
stitutive relation. In the linear theory of microstretch continua, the strain tensors areeij ¼ uj;i þ ejikuk; jij ¼ uj;i; fi ¼ u;i: ð2:13Þ
In view of (2.8), (2.10), and (2.13), the balance of energy (2.3) can be expressed asq _e ¼ tij _eij þ mij _jij þ hj _fj  g _uþ qj;j þ qS: ð2:14Þ
Eq. (2.4) can be written in the formq_ei ¼ mrsið _ers  _udrsÞ þ qji;j þ qi  Qi þ qGi: ð2:15Þ
With the help of (2.14) and (2.15), the inequality (2.5) becomesqðT _g _e T i _eiÞ þ tij _eij þ mij _jij þ hi _fi  g _uþ mrsið _ers  _udrsÞT i þ 1T qiT ;i þ
1
T
T ;iqijT j  qkmT m;k
þ ðqj  QjÞT j P 0: ð2:16Þ
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Then the inequality (2.16) can be written in the formqð _wþ _Tg _T ieiÞ þ ðtij þ mijsT sÞ _eij þ mij _jij þ hi _fi  ðgþ mssiT iÞ _uþ 1T qiT ;i þ
1
T
T ;iqijT j  qkmT m;k
þ ðqj  QjÞT j P 0: ð2:18Þ
We introduce the notationh ¼ T T 0; ð2:19Þ
where T0 is the absolute temperature in the reference conﬁguration. We assume that T0 is a given positive
constant.
In the linear theory we assume that ui ¼ u0i, u ¼ u0, ui ¼ u0i, h ¼ h0, T i ¼ T 0i where  is a constant small
enough for squares and higher powers to be neglected, and u0i, u
0, u0i, h
0 and T 0j are independent of . We
assume that in the undeformed state the functions tij, mij, hi, g, qi, qij and Qi all vanish. Without loss of gen-
erality, we can also assume that g and ei vanish in this state. In the context of the linear theory the inequality
(2.18) becomesqð _wþ _hg _T ieiÞ þ tij _eij þ mij _jij þ hi _fi  g _uþ 1T 0 qih;i  qijT j;i þ ðqi  QiÞT i P 0: ð2:20ÞIn what follows we consider the linear theory of thermoelastic materials with microtemperatures. The con-
stitutive equations arew ¼ bwðAÞ; tij ¼ bt ijðAÞ; mij ¼ bmijðAÞ; hi ¼ bhiðAÞ;
g ¼ bgðAÞ; ei ¼ beiðAÞ; g ¼ bgðAÞ; qi ¼ bqiðAÞ; qij ¼ bqijðAÞ;
Qi ¼ bQiðAÞ;
ð2:21Þwhere A = (eij,jij,fi,u,h,h,i,Ti,Ti,j). We assume that the response functions bw; bt ij; bmij; bhi; bg; bei; bg; bqi; bqrs
and bQr are of class C1 on their domain D which is the set of all A = (eij,jij,fi,u,h,h,j,Ti,Ti,j).
We denoteqw ¼ r: ð2:22Þ
It follows from (2.20)–(2.22) thatr ¼ brðeij; jij; fi;u; h; T iÞ;
tij ¼ oroeij ; mij ¼
or
ojij
; hi ¼ orofi
; g ¼  or
ou
;
qg ¼  or
oh
; qei ¼ oroT i
ð2:23Þandqih;i  T 0qijT j;i þ T 0ðqi  QiÞT i P 0: ð2:24Þ
In the linear theory we can take r in the form2r ¼ Aijrseijers þ 2Bijrseijjrs þ Cijrsjijjrs þ 2Dijeijuþ 2Eijjijuþ 2F ijkeijfk  2aijeijhþ 2LijkeijT k
þ 2Gijkjijfk þ Aijfifj  2bijjijhþMijkjijT k þ 2Bifiu 2difih 2NijfiT j þ nu2  2Fuh
þ 2RiuT i  ah2  2bihT i  BijT iT j; ð2:25Þwhere the constitutive coeﬃcients have the following symmetries:Aijrs ¼ Arsij; Cijrs ¼ Crsij; Aij ¼ Aji; Bij ¼ Bji: ð2:26Þ
It follows from (2.23), (2.25) and (2.26) that
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mij ¼ Brsijers þ Cijrsjrs þ Gijkfk þ EijuþMijkT k  bijh;
hi ¼ F rsiers þ Grsijrs þ Aijfj þ Biu NijT j  dih;
g ¼ Dijeij  Eijjij  Bifi  nu RiT i þ F h;
qg ¼ aijeij þ bijjij þ difi þ Fuþ biT i þ ah;
qei ¼ Lrsiers þMrsijrs  Njifj þ Riu BijT j  bih:
ð2:27ÞIn view of (2.24), the linear approximations for qi, Qi and qij are given byqi ¼ kijh;j þ HijT j; qij ¼ P ijrsT s;r; Qi ¼ ðkij  KijÞh;j þ ðHij  KijÞT j; ð2:28Þ
where the constitutive coeﬃcients kij, Hij, Kij, Kij and Pijrs satisfy the inequalitykijh;ih;j þ ðHji þ T 0KijÞh;jT i þ T 0KijT iT j þ T 0P ijrsT j;iT s;r P 0: ð2:29Þ
By (2.17), (2.19), (2.22), (2.23) and (2.27) we ﬁnd that, in the linear theory, the balance of energy (2.14)
reduces toqT 0 _g ¼ qj;j þ qS: ð2:30Þ
In the context of the linear theory the balance of the ﬁrst moment of energy (2.15) becomesq_ei ¼ qji;j þ qi  Qi þ qGi: ð2:31Þ
The basic equations of the theory are: the equations of motion (2.1), (2.11) and (2.12), the energy equations
(2.30) and (2.31), the constitutive equations (2.27) and (2.28), and the geometrical equations (2.13). To these
equations we must adjoin initial conditions and boundary conditions. The initial conditions areuiðx; 0Þ ¼ u0i ðxÞ; _uiðx; 0Þ ¼ v0i ðxÞ; uiðx; 0Þ ¼ u0i ðxÞ;
_uiðx; 0Þ ¼ m0i ðxÞ; uðx; 0Þ ¼ u0ðxÞ; _uðx; 0Þ ¼ w0ðxÞ;
hðx; 0Þ ¼ h0ðxÞ; T iðx; 0Þ ¼ T 0i ðxÞ; x 2 B;







0;w0; h0 and T 0i are given. Let Sr, ðr ¼ 1; 2; . . . ; 10Þ, be subsets of oB such that
S1 [ S2 ¼ S3 [ S4 ¼ S5 [ S6 ¼ S7 [ S8 ¼ S9 [ S10 ¼ oB, S1 \ S2 ¼ S3 \ S4 ¼ S5 \ S6 ¼ S7 \ S8 ¼ S9 \ S10 ¼ ;.





eijrmr;whereh ¼ hknk; mi ¼ mjinj: ð2:33Þ
We consider the following boundary conditions:ui ¼ eui on S1  I ; ui ¼ eu i on S3  I ; u ¼ eu on S5  I ;
h ¼ eh on S7  I ; T i ¼ eT i on S9  I ; tjinj ¼ et i on S2  I ;
mjinj ¼ emi on S4  I ; hknk ¼ eh on S6  I ; qjnj ¼ eq on S8  I ;
qkink ¼ eKi on S10  I ;
ð2:34Þwhere eui; eui; eu; eh; eT i;et i; emi; eh; eq and eKi are prescribed functions, and I ¼ ð0;1Þ.
We assume that: (i) fi, gi, ‘, S and Gi are continuous on B ½0;1Þ; (ii) q; I ij; J ; u0i ; v0i ; u0i ; m0i ;u0;w0; h0 and T 0i
are continuous on B; (iii) Irs = Isr and the constitutive coeﬃcients satisfy the symmetry relations (2.26); (iv) the
constitutive coeﬃcients are continuous diﬀerentiable on B; (v) eui; eu i; eu; eh and eT i are continuous on S1 · I,
S3 · I, S5 · I, S7 · I and S9 · I, respectively; (vi) et i; emi; eh; eq and eKi are continuous in time and piecewise regular
on S2 · I,S4 · I, S6 · I, S8 · I and S10 · I, respectively.
LetM and N be non-negative integers. We say that f is of class CM,N on B · I if f is continuous on B · I and
the functions
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; m 2 f0; 1; 2; . . . ;Mg; n 2 f0; 1; 2; . . . ;Ng; mþ n 6 maxfM ;Ng;exist and are continuous on B · I. We write CM for CM,M.
By an admissible process p = {ui,ui,u,h,Ti,eij,jij,fi, tij,mij,hi,g,g, ei,qi,Qi,qji} we mean an ordered array of
functions ui, ui, u, h, Ti, eij, jij, fi, tij, mij, hk, g, g, ei, qj, Qi and qji deﬁned on B ½0;1Þ with the following
properties: (i) ui,ui,u 2 C2; h,Ti 2 C2,1; eij,jij,fk 2 C1,0, tij,mij,hk,qi,qji 2 C1,0; g,Qi 2 C0; g, ei 2 C0,1 on B · I;
(ii) ui; _ui; €ui; ui;j;ui; _ui; €ui;ui;j;u; _u; €u;ui;j; h; h;j; T i; T i;j; eij; jij; fk; tij; tji;j;mji;mji;j; hi; hj;j; g; g; _g; ei; _ei; qi; qji;Qk; qj;j
and qji,j are continuous on B ½0;1Þ.
By a solution of the mixed problem we mean an admissible process which satisﬁes the Eqs. (2.1), (2.11),
(2.12), (2.30), (2.31), (2.27), (2.28) and (2.13) on B · I, the boundary conditions (2.34) and the initial condi-
tions (2.32).
We note that in the case of isotropic and homogeneous bodies, the constitutive equations becometij ¼ kerrdij þ ðlþ jÞeij þ leji þ l0udij  b0hdij;
mij ¼ ajrrdij þ bjji þ cjij þ b0eijkfk þ l1eijkT k;
hi ¼ a0fi  l2T i þ b0ersijrs;
g ¼ l0err  nuþ b1h;
qg ¼ b0err þ b1uþ ah; qei ¼ l1ersijrs  l2fi  bT i;
qi ¼ kh;i þ k1T i; Qi ¼ ðk1  k2ÞT i þ ðk k3Þh;i;
qij ¼ k4T r;rdij  k5T i;j  k6T j;i;
ð2:35Þwhere dij is the Kronecker delta and k, l, j, a, b, c, n, b, a, k, b0, b1, a0, b0, l0, l1, l2, k and ks (s = 1,2, . . . , 6)
are prescribed constants. It follows from (2.1), (2.11), (2.12), (2.30), (2.31), (2.35), and (2.13) that the ﬁeld
equations of the theory of homogeneous and isotropic bodies, with Iij = I1dij, can be expressed asðlþ jÞDui þ ðkþ lÞuj;ji þ jeijkuk;j þ l0u;i  b0h;i þ qfi ¼ q€ui;
cDui þ ðaþ bÞuj;ji þ jeijkuk;j  2jui þ l1ejikT k;j þ qgi ¼ I1€ui;
ða0D nÞu l0ur;r  l2T j;j þ b1hþ q‘ ¼ J €u;
kDhþ k1T j;j  b0T 0 _ur;r  b1T 0 _u c _h ¼ qS;
k6DT i þ ðk4 þ k5ÞT j;ji þ l1ersi _us;r  l2 _u;i  b _T i  k2T i  k3h;i ¼ qGi;
ð2:36Þwhere D is the Laplacian and c = aT0. Of interest here is the coupling of microrotation with the microtemper-
atures. We note that the inequality (2.29) implies that (see Grot, 1969)k P 0; 3k4 þ k5 þ k6 P 0; k5 þ k6 P 0; k6  k5 P 0; ðk1 þ T 0k3Þ2 6 4T 0kk2: ð2:37Þ3. Uniqueness
In this section we present a uniqueness theorem in the dynamic theory of microstretch thermoelasticity with
microtemperatures.
We consider the admissible process p = {ui,ui,u, h,Ti,eij,jij,fi, tij,mij,hi,g,g, ei,qi,Qi,qji} and introduce the
functions Wp and Dp on B · I, deﬁned by2W p ¼ Aijrseijers þ 2Bijrseijjrs þ Cijrsjijjrs þ 2Dijeijuþ 2Eijjijuþ 2F ijkeijfk þ 2LijkeijT k þ 2Gijkjijfk
þAijfifj þ 2Bifiuþ nu2;
2Cp ¼ ah2 þ 2bihT i þ BijT iT j;
Dp ¼ kijh;ih;j þ ðHji þ T 0KijÞh;jT i þ T 0KijT iT j þ T 0P ijrsT j;iT s;r:
ð3:1Þ
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for any admissible process p.
Theorem 3.1. Assume that
(i) q and J are strictly positive;
(ii) Iij is positive definite;
(iii) Wp is a positive semidefinite quadratic form;
(iv) Cp is positive definite for any admissible process p;
(v) the symmetry relations (2.26) hold.
Then, the mixed problem of thermoelasticity with microtemperatures has at most one solution.
Proof. With the help of the constitutive equations (2.27) and (3.1) we ﬁnd thattij _eij þ mij _jij þ hi _fi  g _uþ q _gh q_eiT i ¼ _W p þ _Cp: ð3:3Þ
By using (2.13), (2.1), (2.11), (2.12), (2.27), (2.28), and (3.1) we obtaintij _eij þ mij _jij þ hi _fi  g _uþ q _gh q_eiT i ¼ tji _ui þ mji _ui þ hj _uþ 1T 0 qjh qjiT i
 
;j









ð2W p þ 2Cp þ q _u2 þ I ij _ui _uj þ J _u2Þ ¼ tji _ui þ mji _ui þ hj _uþ 1T 0 qjh qjiT i
 
;j











ðq _u2 þ I ij _ui _uj þ J _u2 þ 2W p þ 2CpÞdv: ð3:6ÞIf we integrate the relation (3.5) over B and use the divergence theorem, then we get_Ep ¼
Z
B















Dp dv: ð3:7ÞLet us assume that there are two solutions of the mixed problem, pa ¼ fuðaÞi ;uðaÞi ;uðaÞ;

























jiÞ by ui ¼ uð1Þi  uð2Þi , ui ¼ uð1Þi  uð2Þi , u* = u(1)  u(1), h* = h(1)  h(2), T i ¼
T ð1Þi  T ð2Þi , tij ¼ tð1Þij  tð2Þij , mij ¼ mð1Þij  mð2Þij , hi ¼ hð1Þi  hð2Þi , g* = g(1)  g(2), g* = g(1)  g(2), ei ¼ eð1Þi  eð2Þi ,
qi ¼ qð1Þi  qð2Þi , Qi ¼ Qð1Þi  Qð2Þi , qij ¼ qð1Þij  qð2Þij . Clearly, the process p corresponds to null data. Then, from
(3.2) and (3.7) we obtain_Ep 6 0 on ½0;1Þ:
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(3.6) we obtain _ui ¼ 0; _ui ¼ 0; _u ¼ 0; h ¼ 0 and T i ¼ 0 on I. By using the initial data we ﬁnd that ui ¼ 0;
ui ¼ 0 and u* = 0 on I, and the proof is complete. h
We note that the hypothesis (iv) implies that the speciﬁc heat c = aT0 is strictly positive. Uniqueness results
in various theories of thermoelasticity have been presented by Iesan (2004).
4. Continuous dependence of solutions upon initial data and body loads
In this section we consider the linear theory of homogeneous and isotropic bodies and establish a contin-
uous dependence result. It is convenient to have Eqs. (2.36) rewritten in non-dimensional form. We introduce
the dimensionless variablesx0i ¼
1
‘0





ui; u0i ¼ ui; u0 ¼ u;
h0 ¼ 1
T 0
h; T 0i ¼ T i‘0;
ð4:1Þwhere ‘0 is a standard length and c1 = [(k + 2l + j)/q0]
1/2. Introducing (4.1) into (2.36) and suppressing
primes we ﬁnd the equationsa1Dui þ ð1 a1Þuj;ji þ c1eijkuk;j þ c2u;i  j1h;i þ F i ¼ €ui
a2Dui þ a3uj;ji þ c1eijkuk;j  2c1ui þ j2ejikT k;j þ Ui ¼ I0€ui;
ða4D a5Þu c2uj;j  j3T j;j þ j4hþ H ¼ J 0€u; ð4:2Þ
KDh j1 _uj;j  j4 _uþ j5T j;j  n1 _h ¼ Q0;
j6DT i þ j7T j;j þ j2ersi _us;r  j3 _u;i  n2T i  n3 _T i  n4h;i ¼ Ri;wherea1 ¼ lþ jqc21




















; j1 ¼ b0qc21









; j4 ¼ b1qc21
T 0; j5 ¼ k1q‘0c31













k4; I0 ¼ I1
q‘20





T 0; n1 ¼
c
qc21





















S; Ri ¼ 1c31
Gi:To the equations (4.2) we add the initial conditions (2.32) and the boundary conditionsui ¼ eui; ui ¼ eui; u ¼ eu; h ¼ eh; T i ¼ eT i on oB ½0; t1; ð4:4Þ
where eui; eui; eu; eh and eT i are prescribed functions, and t1 is a given positive constant.
We consider two solutions fuðaÞi ;uðaÞi ;uðaÞ; hðaÞ; T ðaÞi g, (a = 1,2), of the equations (4.2) corresponding to the
external data systems I ðaÞ ¼ fF ðaÞi ;UðaÞi ;H ðaÞ;QðaÞ0 ;RðaÞi ; eui; eu i; eu; eh; eT i; u0ðaÞi ; v0ðaÞi ;u0ðaÞi ; m0ðaÞi ;u0ðaÞ; w0ðaÞ; h0ðaÞ;
T 0ðaÞi g, (a = 1,2), respectively. We introduce the functions ui ¼ uð1Þi  uð2Þi ;ui ¼ uð1Þi  uð2Þi ;u ¼ uð1Þ  uð2Þ,
h ¼ hð1Þ  hð2Þ; T i ¼ T ð1Þi  T ð2Þi . Obviously, {ui,ui,u,h,Ti} is a solution of the problem corresponding to the
8656 D. Iesan / International Journal of Solids and Structures 44 (2007) 8648–8662external data system I ¼ fF i;Ui;H ;Q0;Ri; 0; 0; 0; 0; 0; u0i ; v0i ;u0i ; m0i ;u0;w0; T 0i g, where F i ¼ F ð1Þi  F ð2Þi ,
Ui ¼ Uð1Þi  Uð2Þi , H ¼ H ð1Þ  H ð2Þ;Q0 ¼ Qð1Þ0  Qð2Þ0 , Ri ¼ Rð1Þi  Rð2Þi , u0i ¼ u0ð1Þi  u0ð2Þi ; v0i ¼ v0ð1Þi  v0ð2Þi ,
m0i ¼ m0ð1Þi  m0ð2Þi , u0 = u0(1)  u0(2), w0 = w0(1)  w0(2), h0 = h0(1)  h0(2) and T 0i ¼ T 0ð1Þi  T 0ð2Þi . We denote this
problem by ðPÞ.




ð _ui _ui þ I0 _ui _ui þ J 0 _u2 þ 2Uþ n1h2 þ n3T iT i þ 2
Z t
0
DdtÞdv; ð4:5Þwhere2U ¼ ð1 2a1 þ c1Þerress þ a1eijeij þ ða1  c1Þejieij þ 2c2erru
þ scrrcss þ ða3  sÞcjicij þ a2cijcij þ 2b1ejiku;kcji þ a4u;iu;i þ a5u2;
D ¼ Kh;ih;i þ ðj5 þ n4Þh;iT i þ n2T iT i
þ j8T r;rT s;s þ ðj7  j8ÞT j;iT i;j þ j6T i;jT i;j:





: ð4:7ÞWe note that (2.37) and (4.3) imply thatDP 0; ð4:8Þ
for any Ti,h,j and Ti,j.
In what follows we assume that the elastic potential U and the function D are positive deﬁnite quadratic
forms. Thus, there exist the positive constants k1, k2, K1 and K2 such thatk1ðeijeij þ cijcij þ u;iu;i þ u2Þ 6 U 6 k2ðeijeij þ cijcij þ u;iu;i þ u2Þ;
K1ðh;ih;i þ T iT i þ T i;jT i;jÞ 6 D 6 K2ðh;ih;i þ T iT i þ T i;jT i;jÞ;
ð4:9Þfor all the variables eij, cij, u,k, u, h,i, Tj, Tr,s and any t 2 [0, t1].
Theorem 4.1. Let p = {ui,ui,u,h,Ti} be a solution of the problem ðPÞ. Then_w ¼
Z
B
ðF i _ui þ Ui _ui þ H _uþ Q0h RiT iÞdv: ð4:10ÞProof. We introduce the notationspji ¼ ð1 2a1 þ c1Þerrdij þ a1eji þ ða1  c1Þeij þ c2udij  j1hdij;
lji ¼ scrrdij þ ða3  sÞcij þ a2cji þ b1ejiku;k þ j2ejikT k;
si ¼ a4u;i  j3T i þ b1ersicrs; f ¼ c2err  a5uþ j4h;
P ¼ j1err þ j4uþ n1h; vi ¼ j2ersicrs  j3u;i  n3T i;
ri ¼ Kh;i þ j5T i; Ci ¼ ðj5  n2ÞT i þ ðK n4Þh;i;
kij ¼ j8T r;rdij  ðj7  j8ÞT i;j  j6T j;i;
ð4:11Þwhere eij and cij are deﬁned in (4.7) and b1 ¼ b0=ðq‘20c21Þ.
The equations (4.2) can be written in the formpji;j þ F i ¼ €ui; lji;j þ eijksjk þ Ui ¼ I0€ui;
sj;j þ fþ H ¼ J 0€u; _P ¼ rj;j þ Q0;
_vi ¼ kji;j þ ri  Ci þ Ri: ð4:12ÞBy (4.11) and (4.6) we get





ð2Uþ n1h2 þ n3T iT iÞ: ð4:13ÞOn the other hand, with the aid of (4.7) and (4.12) we obtainpji _eji þ lij _cij þ si _u;i  f _uþ _Ph _viT i ¼ ðpji _ui þ lji _ui þ sj _uþ rjh kjiT iÞ;j þ F i _ui þ Ui _ui þ H _u









¼ ðpji _ui þ lji _ui þ sj _uþ rjh kjiT iÞ;j þ F i _ui þ Ui _ui þ H _uþ Q0h RiT i: ð4:15Þ
If we integrate (4.15) over B and use the divergence theorem and the boundary conditions, then we obtain
(4.10). h
Let us introduce the functions f and P on [0, t1] byf ¼
Z
B
½ _ui _ui þ _ui _ui þ _u2 þ eijeij þ cijcij þ u;iu;i þ h2 þ T iT i þ
Z t
0






ðF iF i þ UiUi þ H 2 þ Q20 þ RiRiÞdv
 1=2
:
ð4:16ÞTheorem 4.2. Assume that
(i) q, I0, J0, n1 and n3 are strictly positive;
(ii) U and D are positive definite.
Then there exist the positive constants q1 and q2 such thatfðtÞ 6 q1fð0Þ þ q2
Z t
0
P ðsÞds; t 2 ½0; t1Þ: ð4:17ÞProof. With the help of the Schwartz inequality, from (4.10) and (4.16) we obtain_w 6 P
Z
B
ð _ui _ui þ _ui _ui þ _u2 þ h2 þ T iT iÞdv
 1=2
: ð4:18ÞBy (4.16) and (4.18) we ﬁnd_w 6 Pf;
so thatwðtÞ 6 wð0Þ þ
Z t
0
P ðsÞfðsÞds; t 2 ½0; t1: ð4:19ÞIt follows from (4.5) and (4.9) thatwðtÞP s1f2ðtÞ; wð0Þ 6 s2f2ð0Þ; t 2 ½0; t1; ð4:20Þ
wheres1 ¼ 1
2
minð1; I0; J 0; 2k1; n1; n3; 2K1Þ; s2 ¼
1
2
maxð1; I0; J 0; 2k2; n1; n3; 2K2Þ:From (4.19) and (4.20) we obtain
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Z t
0







:With the help of the Gronwall inequality, from (4.21) we obtain the desired result. h
We note that the conditions n1 > 0 and n3 > 0 imply that c > 0 and b > 0, respectively.
5. The equilibrium theory
In this section we study the equilibrium theory of thermoelastic bodies with microtemperatures. In the case
of equilibrium the basic equations of the theory consist of the equations of equilibriumtji;j þ qfi ¼ 0;
mji;j þ eirstrs þ q‘ ¼ 0; ð5:1Þ
hj;j þ gþ q‘ ¼ 0;the balance of energyqj;j þ qS ¼ 0; ð5:2Þ
the balance of the ﬁrst moment of energyqji;j þ qi  Qi þ qGi ¼ 0; ð5:3Þ
the constitutive equations (2.27), (2.28), and the geometrical equations (2.13). In the case of the ﬁrst boundary-
value problem the boundary conditions areui ¼ eui; ui ¼ eu i; u ¼ eu; h ¼ eh; T i ¼ eT i on oB; ð5:4Þ
where eui; eui; eu; eh and eT i are given functions. In the second boundary-value problem the boundary conditions
aretjinj ¼ et i; mjinj ¼ emi; hjnj ¼ eh; qjnj ¼ eq; qjinj ¼ eKi on oB; ð5:5Þ
where eti; emi; eh; eq and eKi are prescribed.
Remark. In the case of equilibrium the theory is not coupled, in the sense that we can ﬁrst study the prob-
lem of ﬁnding the functions h and Ti, and then the problem of ﬁnding the functions ui, ui and u.
By a rigid state we mean an ordered array of functions ðui ;ui ;u; h; T i Þ of the form
ui ¼ cð1Þi þ eijkcð2Þj xk; ui ¼ cð2Þj ; u ¼ 0; h ¼ cð3Þ; T i ¼ 0; ð5:6Þwhere cð1Þi ; c
ð2Þ
i and c
(3) are arbitrary constants.
Now, we present a uniqueness result. Let Wp and Dp be deﬁned by (3.1).
Theorem 5.1. Assume that Wp and Dp be positive definite. Then,
(i) the first boundary-value problem has at most one solution;















qjh;j  qjiT i;j þ ðqi  QiÞT i: ð5:7Þ





qðSh T 0GiT iÞdvþ
Z
oB
ðqjnjh T 0qjinjT iÞda: ð5:8ÞSuppose that there are two solutions. Then their diﬀerence y ¼ ðui;ui;u; h; T iÞ corresponds to null data. From
(5.8) we obtainZ
B
Dy dv ¼ 0: ð5:9ÞSince Dp is positive deﬁnite for any process p, we conclude from (5.9) thath ¼ C; T i ¼ 0;
where C is an arbitrary constant. In the case of the ﬁrst boundary-value problem we obtain C = 0. The
remaining part of the proof is a direct consequence of the uniqueness theorem from the isothermal theory
of elastic bodies (cf. Eringen, 1999).
In the equilibrium theory of homogeneous and isotropic bodies, the basic equations (2.36) becomeðlþ jÞDui þ ðkþ lÞuj;ji þ jeijkuk;j þ l0u;i  b0h;i ¼ qfi;
cDui þ ðaþ bÞuj;ji þ jeijkuk;j  2jui þ l1ejikT k;j ¼ qgi;
ða0D nÞu l0uj;j  l2T j;j þ b1h ¼ q‘;
kDhþ k1T j;j ¼ qS;
k6DT i þ ðk4 þ k5ÞT j;ji  k2T i  k3h;i ¼ qGi: ð5:10ÞIn this case, the ﬁrst boundary-value problem consists in the ﬁnding of functions ui, ui, u, h and Ti that satisfy
the equations (5.10) on B and the conditions (5.4) on oB. Clearly, by (2.35) and (2.13) we can express the
boundary conditions (5.5) in terms of the functions ui, ui, u, h and Ti. h
6. Eﬀects of a concentrated heat source
In this section we study the eﬀect of a concentrated heat source in an isotropic and homogeneous body that
occupies the entire three-dimensional euclidean space. We consider the theory of equilibrium and assume thatfi ¼ 0; gi ¼ 0; ‘ ¼ 0; qS ¼ MðrÞ; Gi ¼ 0; ð6:1Þ
where M is a prescribed function, r = [(xi  yi)(xi  yi)]1/2 and (y1,y2,y2) is a ﬁxed point.
The conditions at inﬁnity areui ¼ Oð1Þ; ui ¼ Oð1Þ; u ¼ Oðr1Þ; h ¼ Oðr1Þ; T i ¼ Oðr1Þ;
ui;j ¼ Oðr1Þ; ui;j ¼ Oðr1Þ; u;i ¼ Oðr2Þ; h;j ¼ Oðr2Þ; T i;j ¼ Oðr2Þ:We note that the behaviour at inﬁnity of displacements is the same as in classical thermoelasticity. We seek the
solution in the formui ¼ W;i; ui ¼ 0; u ¼ U; h ¼ V ; T i ¼ W ;i; ð6:2Þ
where W, U, V and W are unknown functions which depend only of the variable r. The ﬁeld equations (5.10)
are satisﬁed if W, U, V and W satisfy the equationsd1DWþ l0U b0V ¼ 0;
ða0D nÞU l0DW l2DWþ b1V ¼ 0;
kDVþ k1DW ¼ M ;
ðd2D k2ÞW k3V ¼ 0;
ð6:3Þwhere
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We assume that the functionsWp and Dp deﬁned by (3.1) are positive deﬁnite. It is a simple matter to see that
the positive deﬁniteness of Wp and Dp implies thata0 > 0; d1 > 0; k > 0; d2 > 0; nd1  l20 > 0; kk2  k1k3 > 0:
We introduce the notationsD1 ¼ a0d1DðD ‘21Þ; D2 ¼ kd2DðD ‘22Þ; ð6:5Þ





; ‘2 ¼ kk2  k1k3kd2
 1=2
: ð6:6ÞTheorem 6.1. LetW ¼ l0½ðb1d2  l2k3ÞD b1k2vþ b0ða0D nÞðd2D k2Þv;
U ¼ d1D½ðb1d2  l2k3ÞD b1k2vþ l0b0Dðd2D k2Þv;
V ¼ ðd2D k2ÞD1v;
W ¼ k3D1v; ð6:7Þwhere v is a function of class C8 which satisfies the equationD1D2v ¼ M : ð6:8Þ
Then W, U, V and W satisfy the equations (6.3).
Proof. Let us substitute the functions W,U,V andW given by (6.7) into the left hand side of (6.3). For the ﬁrst
equation from (6.3) we getd1DWþ l0U b0V ¼ l0d1D½ðb1d2  l2k3ÞD b1k2vþ d1b0ða0D nÞðd2D k2ÞDv l0d1D½ðb1d2  l2k3Þ
D b1k2vþ l20b0Dðd2D k2Þv b0D1ðd2D k2Þv
¼ Dðd2D k2Þ½l20b0  b0d1ða0D nÞ  b0l2 þ d1b0ða0D nÞv ¼ 0:In view of (6.8), for the third equation of (6.3) we obtainkDVþ k1DW ¼ kDD1ðkd2D kk2 þ k1k3Þv ¼ D1D2v ¼ M :
Similarly, we can show that the other equations of (6.3) are satisﬁed. h
Eq. (6.8) can be written in the formðD ‘21ÞðD ‘22ÞDDv ¼ p0M ; ð6:9Þ
wherep0 ¼ ða0kd1d2Þ1: ð6:10Þ
Let us consider the functions wj (j = 1,2,3,4), which satisfy the equationsðD ‘21Þw1 ¼ p0M ; ðD ‘22Þw2 ¼ p0M ; DDw3 ¼ p0M ; Dw4 ¼ p0M : ð6:11Þ
It is a simple matter to see that the solution of the equation (6.9) can be expressed in the formv ¼ a1w1 þ a2w2 þ a3w3 þ a4w4; ð6:12Þ
where
2 2a1 ¼ 1
‘41ð‘21  ‘22Þ
; a2 ¼  1
‘42ð‘21  ‘22Þ
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½‘21‘22r2 þ 2ð‘21 þ ‘22Þ: ð6:16ÞIf we substitute the function v given by (6.16) into (6.7) then we ﬁnd that for x5y, we haveW ¼ p0
4pr
½c11 expð‘1rÞ þ c12 expð‘2rÞ þ a3b13r2 þ c13;
U ¼ p0
4pr
½c21 expð‘1rÞ þ c22 expð‘2rÞ þ b22a3;
V ¼ p0
4pr
½c31 expð‘2rÞ þ a0a3d1k2‘21;
W ¼ a0d1k3
4pr
½a2ð‘22  ‘21Þ‘22 expð‘2rÞ  a3‘21;
ð6:17Þwhere
c11 ¼ a1‘21b11 þ a1‘41b12 þ a1b13; c12 ¼ a2‘22b11 þ a2‘42b12 þ a2b13;
c13 ¼ a3b11 þ a4b13; c21 ¼ a1b21‘41 þ a1b22‘21;
c22 ¼ a2b21‘42 þ a2b22‘22; c31 ¼ a0a2‘22ð‘22  ‘21Þd1ðd2‘22  k2Þ;
b11 ¼ l0ðb1d2  l2k3Þ  b0ðnd2 þ a0k2Þ; b12 ¼ a0b0d2;
b13 ¼ b0nk2  b1l0k2; b21 ¼ l0b0d2  d1ðb0d2  l2k3Þ;
b22 ¼ ðb1d1  l0b0Þk2:From (6.2) and (6.17) we obtain the components of the displacements ui, the function u, the temperature h,
and the microtemperatures Ti which correspond to a concentrated heat source.
7. Conclusions
The results established in this paper can be summarized as follows:
(a) We have used the theory of thermodynamics of a continuum with microstructure established by Grot
(1969) to derive a linear theory of microstretch elastic bodies with microtemperatures. A microelement
of the continuum is equipped with the mechanical degrees of freedom for rigid rotations and microdi-
latation, in addition to the classical translation degrees of freedom.
(b) We have established a uniqueness result in the dynamical theory of anisotropic bodies.
(c) The ﬁled equations of the theory of homogeneous and isotropic solids are presented. The salient feature
of these equations is the coupling of microrotation vector with the microtemperatures. It is known that
in the classical theory of Coserat thermoelasticity for isotropic bodies, the microrotation vector is inde-
pendent of the thermal ﬁeld.
(d) We have established the continuous dependence of solutions upon initial data and body loads. Conse-
quently, the mathematical model is well posed.
(e) We have studied the eﬀect of a concentrated heat source in an isotropic and homogeneous body that
occupies the three-dimensional euclidean space.
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